The surface integral that measures the solid angle subtended by a planar aperture at a point in space is transformed to a line integral over the boundary of the aperture. The problem is divided into three distinct cases, and in each case a transformation is established. The results have a direct application to the problem of converting the Kirchhoff integral of diffraction by an aperture on a plane screen to a line integral over the rim of the aperture.
INTRODUCTION AND STATEMENT OF THE PROBLEM
During an investigation into the Kirchhoff theory of diffraction by an aperture on a plane screen, it became necessary to convert an integral over the surface of the aperture to a line integral over the boundary of the aperture. The surface integral is the well-known one that measures the solid angle subtended by the aperture at a point off the plane of the screen. The following is an account of how this conversion was accomplished. The procedure that is followed, however, is the reverse of the one originally taken, i.e., the line integral is converted to a surface integral. The reason for doing so is that the principal argument employed in the proofs appears more natural (or obvious) in this direction.
The line integral under consideration is Ii'rR t 2 fR 7 ) ds, (1.1) The following two definitions are employed below. Definition 1: A curve in two dimensions is a regular curve if (a) it possesses a tangent line at each one of its points and (b) with any of its points as the origin of a rectangular coordinate system and with the x axis collinear with the tangent to the curve at that point, an interval a < x < b can be found in which the portion of the curve within the strip a < x < b can be represented in the form
y=f(x), a x b,
with f" continuous on a < x < b.
Definition 2: A curve r on the plane is a piecewise regular curve if it is composed of a finite number of nonintersecting regular curves.
The contour r in Eq. (1.1) is assumed from now on to be a piecewise-regular curve. The requirement that it not be self-intersecting is not a necessary one, but it helps to avoid complicating the arguments in the analysis that follows.
where r is a closed contour (further specified below) that forms the boundary of a planar aperture A, as shown in Fig.   1 ; i is the unit tangent vector on F, positively oriented with respect to the unit normal n on A; R, = Rae is the position vector from the origin 0 of coordinates to a point on r; and £ is a fixed unit vector bound to 0 and with the property that £ -A < 0. The integration is with respect to arc length, and a caret over a letter always denotes a unit vector.
The objective is to convert the line integral in Eq. 2) where the subscript of the position vector has been dropped for convenience and da is the element of integration on the The line integral in Eq. (3.2) can be evaluated by establishing rectangular coordinates as in Fig. 2 with the z axis taken to coincide with the normal to the aperture. The vector R. denotes that specific position vector to the aperture that is parallel to Q. With (2.4) r=eP, P=cos .+ +sin09, (3.3) and. 0 the polar angle measured from the x axis, the line integral , in Eq. (3.2) can be written in the form
The surface integral represents the solid angle that the aperture subtends at 0.' The formula in Eq. (2.5) is the first of r I, = qE2 fo + Ml)'/ the three conversion formulas to be obtained, and its derivation forms the basis for those of the remaining two.
CASE 2: 4'1a1
This is the case in which the straight line containing intersects A but not r. In this case n < 0. By Stokes's theorem the integral in Eq. (1.1) can be written as
where zy is a circle whose center is the common point of A and the line containing and whose radius is e (Fig. 2) 
EXISTENCE OF AN INTEGRAL
Before proceeding to the third and final case, namely, the case 4 * R 7 = 1, it is necessary to establish the existence of the integral in Eq. (1.1) when 4 R, = 1. In order to isolate the singular part of the integral, a circle is drawn on the plane. The center of the circle is the point of intersection of the extension of £ with F and its radius E, where E is small enough so that the circle intercepts only a portion of r (Fig. 3) . Since r is piecewise regular, the point of intersection can at worst be a point where two regular curves join together, and this is the case assumed here. The curve r can thus be split into two parts: the part intercepted by the circle and the one outside it. The former can be further split into the part -y+ past the intersection point in the direction of travel and the part oybefore the intersection point; thus
The first of the integrands is continuous, while the other two are discontinuous at 4 -Ai = 1. For E sufficiently small both y+ and A-_ will be regular curves. To prove the existence of the integral over y+, a rectangular coordinate system is established with origin at the intersection point and the x axis tangent to y+ at the origin (Fig. 3) 
i ( XP) =-t. ( X r) =-4.(r X )
Moreover,
The integral over y+, I+, can then be written in the form
Since f" is continuous on 0 < x < 6, it follows from the meanvalue theorem of differential calculus that
so that
( 4.8) with a and xl tending to zero with x. From Eqs. (4.6) and (4.8), 
CASE
In Section 4, the direct value of the line integral in Eq. (1.1),
i.e., its value in the case when the extension of 4 intersects F, was shown to exist. The conversion of this line integral to a surface integral can be accomplished by erecting rectangular coordinates as in Fig. 3 . The region A(E) of the aperture in which Stokes's theorem will be applied is bounded by the curve Ye, which is the portion of the circle of radius e that lies within the aperture, and the curve F,, which is the portion of r not intercepted by the circle; thus
Since re -I ' and A(e) -A, as e -0, the integral overr, tends to the integral over r, which has been shown to exist, while as in the previous two sections
The remaining integral in Eq. (5.1), I, can be written in the
On the introduction of spherical coordinates for as in Eq. and requires special attention because of the assumption that the intersection point is the joining point of two regular curves, so that it may correspond to a discontinuity in the tangent of r. A typical situation is shown in Fig. 4 . The convention of The proof that Al -a, as e -0, is essentially the same.
With these comments the integral in Eq. (5.5) can be written as
Jr R(1 -* ) ds q R = 1, Rer. (5.15) urve, Caution should be exercised in evaluating the inverse tangent function, as explained in Appendix A. In practice, it may be preferable to use the spherical coordinates of , as in Eq. (5.6) (5.12), rather than the aperture coordinates. As a specific example, for a = r (no corner) the expression in Eq. (A6) with n = 1 yields The result of the integration follows by evaluating the integral on the interval 0 to 27r using the residue theorem and by noting that the integrand is periodic in 0 with period 7r. By induction, tan-'[Isec 0qg tan(ngr -)] = nor -tan-'(sec Oqltan A), n=0,1,2,....
This relationship, together with the property that the inverse tangent function is an odd function of position about the origin, allows the reduction of any branch of the function to the principal branch whose range is the interval (-7r/2, 7r/2).
